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We have investigated the local density of optical states (LDOS) in titania and silicon inverse opals—three-
dimensional photonic crystals that have been realized experimentally. We used the H-field plane-wave expan-
sion method to calculate the density of states and the projected LDOS, which are directly relevant for sponta-
neous emission dynamics and strong coupling. We present the first quantitative analysis of the frequency
resolution and of the accuracy of the calculated LDOS. We have calculated the projected LDOS for many dif-
ferent emitter positions and orientations in inverse opals in order to supply a theoretical interpretation for
recent emission experiments and as reference results for future experiments and theory by other workers. The
results show that the LDOS in inverse opals strongly depends on the crystal lattice parameter as well as on the
position and orientation of emitting dipoles. © 2009 Optical Society of America

OCIS codes: 160.5298, 260.2510, 270.5580, 290.4210.

1. INTRODUCTION

Photonic crystals are metamaterials with periodic varia-
tions of the dielectric function on length scales compa-
rable to the wavelength of light. These dielectric compos-
ites are of keen interest for scientists and engineers
because they offer exciting ways to manipulate photons
[1,2]. Of particular interest are three-dimensional (3D)
photonic crystals possessing a photonic bandgap, i.e., a
frequency range where no photon modes exist at all. Pho-
tonic bandgap materials possess great potential for dras-
tically changing the rate of spontaneous emission and for
achieving localization of light [3—6]. Control over sponta-
neous emission is important for many applications such
as miniature lasers [7], light-emitting diodes [8], and so-
lar cells [9]. According to Fermi’s Golden Rule, the rate of
spontaneous emission from quantum emitters such as at-
oms, molecules, or quantum dots is proportional to the
“local radiative density of states” (LDOS) [10,11], which
counts the number of electromagnetic states at a given
frequency, location and orientation of the dipolar emit-
ters. In addition, nonclassical effects can occur that are
beyond Fermi’s Golden Rule [2,11], such as fractional de-
cay. These strong coupling phenomena rely on coherent
coupling of the quantum emitter to a sharp feature in a
highly structured LDOS. Whether these effects are in fact
observable in real photonic crystals depends on how rap-
idly the LDOS changes within a small frequency window
[12]. Therefore LDOS calculations for experimentally re-
alized photonic crystals are essential to assess current
spontaneous emission experiments and future strong cou-
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pling experiments alike, provided that the calculations
are accurate and have a controlled frequency resolution.

LDOS effects on spontaneous emission in photonic
crystals have been experimentally demonstrated in a va-
riety of systems. Since only 3D crystals promise full con-
trol over all optical modes with which elementary emit-
ters interact, many groups have pursued 3D photonic
crystals. Fabrication of such periodic structures with high
photonic strengths is, however, a great challenge [2,13].
Inverse opals, which can be fabricated relatively easily
using self-assembly methods, are among the few 3D pho-
tonic crystals that sustain complete photonic bandgaps.
Such crystals consist of fcc lattices of close-packed air
spheres in a backbone material with a high refractive in-
dex [14-18]. In these inverse opals, CW experiments on
light sources with a low quantum efficiency revealed evi-
dence of inhibited radiative emission rates [19,20]. In
time-resolved fluorescence experiments using emitters
with high quantum efficiencies, both enhanced and inhib-
ited fluorescence decay rates have been observed [21]. In
parallel to these experiments on 3D crystals, several
groups have realized that emission enhancement and par-
tial inhibition can also be obtained in 2D slab structures
[22-26].

Following the first calculations by Suzuki and Yu [27],
several papers have reported calculations of the LDOS in
photonic crystals using both time domain [28-30] and fre-
quency domain methods [31-34]. It is not straightforward
to use such calculations for interpreting experiments.
Even if one assumes that infinite-system calculations for
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perfect crystals are a valid starting point for interpreting
experiments, one quickly realizes that available calcula-
tions are not satisfactory due to several problems in the
literature:

1. Most prior calculations were performed for model
systems that do not correspond at all to structures used in
experiments, and for emitter positions that are not probed
in experiments.

2. The accuracy of the reported LDOS has never been
discussed, hampering comparison with experiments.

3. The frequency resolution of the reported LDOS has
remained unspecified. Therefore sharp features of rel-
evance for nonclassical emission can not be assessed
[11,12].

4. Many previously reported LDOS calculations are er-
roneous for symmetry reasons, as pointed out by Wang
et al. [33]. These errors are quantitatively and qualita-
tively large, with different functional dependencies on fre-
quency, and up to tenfold differences in LDOS.

In this paper we aim to overcome all these problems.
We benchmark the accuracy and frequency resolution for
our LDOS calculations. Since prior LDOS calculations are
scarce and partly erroneous (item 4 above) we present
sets of LDOS results for experimentally relevant struc-
tures and for spatial positions where sources can be prac-
tically placed. Specifically, we model the spatial distribu-
tion of the dielectric function e(r) in such a way that it
closely resembles €(r) in titania (TiOs) [14,15] and silicon
(Si) inverse-opal photonic crystals [17,18]. For these two
structures we calculate the LDOS at various positions in
the crystal unit cell and for specific orientations of the
transition dipoles. The results on the TiO, inverse opals
are relevant for interpreting recent emission experiments
[21,35]. To aid other workers to interpret their experi-
ments and to benchmark their codes, we make the data
sets that we report available as online material.

For interpretation of experiments, we note that the cal-
culations presented here are correct for infinite, perfect,
lossless crystals, whereas crystals in real experiments
suffer from finite size, optical absorption, and copious ex-
tinction by disorder-induced scattering [36]. Given the ef-
forts undertaken to ensure that only sources deep inside
crystals are probed [19], the main deviations from real
crystals to modeled crystals can be captured by the ex-
tinction length, typically =100 times the lattice constant
[36]. Such extinction can be treated perturbatively [37]
and causes weak broadening of LDOS features by ap-
proximately 1072 relative bandwidth and deviations of a
few percent in the LDOS associated with propagating
bands. While dissipation formally closes bandgaps, band-
gaps are expected to be exponentially robust against ex-
tinction lengths exceeding 5 to 10 lattice constants
[30,37]. Barring pathological resonances due to scattering
or Fabry—Pérot type size resonances in extremely small
perfect crystals [30], we therefore expect that infinite sys-
tem calculations are relevant for experimental data.

The paper is arranged as follows. In Section 2, we
present a detailed description of the method by which we
have calculated the photonic band structures and the
LDOS. We discuss the accuracy and frequency resolution
of our calculations. In Section 3 we compare our compu-
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tations with the known DOS in vacuum and with earlier
results on the DOS and LDOS [33] in 3D periodic struc-
tures. Section 4 describes the LDOS in inverse opals from
TiO,, and in Section 5 we present results of the LDOS in
Si inverse-opal photonic bandgap crystals.

2. CALCULATION OF LOCAL DENSITY OF
STATES

A. Introduction
The LDOS is defined as

1

N(I‘, w,ed) = W

E f dk&(w - wn,k)|ed : En,k(r)F,
n JBZ

1)

where integration over the k vector is performed over the
first Brillouin zone, n is the band index, and e, is the ori-
entation of the emitting dipole. The total DOS is the unit-
cell and dipole-orientation average of the LDOS defined
as N(w)=2,[pzdkéw-w, ). The important quantities
that determine the LDOS are the eigenfrequencies w, i
and electric field eigenmodes E, y(r) for each k vector.
Calculation of these parameters will be discussed below
in Subsection 2.B.

The expression for the LDOS contains the term
leg-E, x(r)|* that depends on the dipole orientation e,. It
is important to realize that in photonic crystals the vector
fields E, y(r) are not invariant under the lattice point-
group operations «, as first reported in [33]. Explicitly,
this means that the projection of the field of a mode at
wave vector k on the dipole orientation ey, I[i.e.,
leq-E, x(r)|], is not identical to |e;- E,, . (r)], i.e., the pro-
jection of the symmetry related modes with wave vectors
ofk] on the same e,;. As a consequence one cannot calcu-
late the LDOS for a specific dipole orientation by restrict-
ing the integral over the Brillouin zone in Eq. (1) to just
the irreducible part (1/48th) of the Brillouin zone, since
symmetry-related wave vectors do not give identical con-
tributions. Unfortunately, in many previous reports on
the LDOS, this reduced symmetry for vector modes as
compared with scalar quantities was overlooked, result-
ing in erroneous results [33]. In general, the only symme-
try that can be invoked to avoid using the full Brillouin
zone for LDOS calculations is inversion symmetry, which
corresponds to time-reversal symmetry. Consequently,
correct results require that exactly half of the Brillouin
zone be considered for LDOS calculations, rather than the
irreducible part of the Brillouin zone that was used in
most previous literature. We have explicitly verified that
our implementation (using the k,=0 half of the Brillouin
zone) results in the same LDOS on symmetry-related po-
sitions, provided that one also takes the concomitant sym-
metry related dipole orientation into account. Further-
more, our calculations confirm the claim by Wang et al.
[33] that this required symmetry is recovered only upon
integration over half the Brillouin zone, rather than over
just the irreducible part as considered in, e.g., [31,32].

B. Plane-Wave Expansion
We use the H-field inverted plane-wave expansion method
[31,38,39] to solve for the electromagnetic field modes in
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photonic crystals. For nonmagnetic materials, it is most
convenient to solve the wave equation for the H(r) field
[40]

w2
V X [e(r) 'V X H(r)] = —H), (2)

because the operator VX e(r)~1V X is Hermitian. Conse-
quently, Eq. (2) can be interpreted as an eigenvalue prob-
lem with real eigenvalues »?/c2 [1,31,38,39], with the pro-
viso that e(r) is real and frequency independent. While
lossless Drude models for dispersion in the dielectric func-
tion can also be included [41], more general dispersion re-
lations for € do not allow Eq. (2) to be written as an eigen-
value problem. Because of the periodicity of the dielectric
function e(r) in photonic crystals, the field modes Hy(r) of
the eigenvalue problem Eq. (2) satisfy the Bloch theorem
[42]:

Hy(r) =e*Tuy (r). 3)

These Bloch modes are fully described by the wave vector
k and the periodic function uy(r), which has the periodic-
ity of the crystal lattice so that uy(r)=uy(r+R). To solve
the wave equation, the inverse dielectric function and the
Bloch modes are expanded in a Fourier series over the
reciprocal-lattice vectors G:

e(r) = p(r) = D, 7ge'T, @
G
Hy(r) = E uléei(k’f(})'r, (5)
G

where 7g and ulé are the 3D Fourier expansion coeffi-
cients of, respectively, 7(r) and uy(r).

Substituting these expressions into the H-field wave
equation in Eq. (2), we obtain the linear set of eigenvalue
equations

- 2 nG—G’(k +G) X [(k+G') X urg}i]
G/

w2(k)

= —gugt 6)

This infinite equation set with the known parameters G
and 7g_g determines all allowed frequencies w,(k) for
each value of the wave vector k, subject to the transver-
sality requirement V-H, (r)=0. Because of the periodicity
of uy(r), we can restrict k to the first Brillouin zone. For
each wave vector k, there is a countably infinite number
of modes with discretely spaced frequencies. All the
modes are labeled with the band number n in order of in-
creasing frequency and are described as a family of con-
tinuous functions w,(k) of k.

To compute the eigenfrequencies w,(k) and the expan-
sion coefficients of the eigenmodes ugk, the infinite equa-
tion set is truncated. By restricting the number of
reciprocal-lattice vectors G to a finite set G with Ng ele-
ments, Eq. (6) is limited to a 3N-dimensional equation
set. In our implementation we choose the truncated set G
to correspond to the set of all reciprocal lattice vectors
within a sphere centered around the origin of k space. The
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transversality of the H field gives an additional condition
on the eigenmodes: (k+ G)~u'(‘;’k=0, which eliminates one
vector component of u&’k. Following [31], for each k+G
one needs to find two orthogonal unit vectors ej?; that
form an orthogonal triad with k+G. By expressing the
eigenmode expansion coefficients in the plane normal to
k+G as u’ék=u’(‘;}§ei +G+u&’}§ei +G» We remove one-third of
the unknowns. Then, Eq. (6) becomes

> ne-a/k+Glk+G'|

G'eg

2 a2 2 Ll n,k
€L+G €k T Ck+G Crigr | [ U1
1.2 11 nk
T CkiG ki CkiG T Ckicr Ugr 2

o (k) (ugh

=— 2k VGeg. (7)
c UG

To find the matrix of Fourier coefficients 7g_g/, we use
the method of [31,38]. The coefficients are computed by
first Fourier-transforming the dielectric function e(r) and
then truncating and inverting the resulting matrix. As
first noted by Ho et al. [38], using the inverse of eg_g’
rather than 7g_g/ dramatically improves the (poor) con-
vergence of the plane-wave method that is associated
with the discontinuous nature of the dielectric function
[39]. A rigorous explanation for this improvement was put
forward by Li [43], who studied the presence of Gibbs os-
cillations in the truncated Fourier expansion of products
of functions with complementary jump discontinuities.
Using the H-field inverted-matrix plane-wave method,
the frequencies obtained with N;="725 (for fcc structures)
deviate by less than 0.5% from the converged band struc-
tures for the lowest ten bands [31].

Solving Eqs. (7) gives the frequencies w,(k) and the
Fourier expansion coefficients for the H-field eigenmodes
H, x(r) needed to calculate the LDOS in the photonic
crystal. The required E fields E, y(r) are obtained using
the Maxwell equation dD/dt=V X H:

E, x(r)= 76—k + Gl

on(K)og g
k2 k.1 o\ i(keG)-
[(ughen, g - uEser.q)e’ %] (8)

From the orthonormality of the eigenvectors of Egs. (7) it
follows that the Bloch functions H, (r) and E, y(r) de-
fined above satisfy the orthonormality relations

f H,, () H, (r)dr=dk-k)5,,, (9
BZ ’

f e(r)E, (r) - EZ k,(1{')dr =0k-Kk')5, . (10)
BZ ’

It should be noted in the definition of E,, j that the mul-
tiplication by 1/€(r) to calculate E from D is not in the de-
nominator in front of the Fourier expansion. Rather it ap-
pears as a matrix multiplying the D field in Fourier
space, i.e., within the sum over reciprocal lattice vectors.
This ordering ensures that complementary jumps in D
and 1/e(r) cancel even for the truncated Fourier series
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[43], as can be easily checked by plotting calculated mode
profiles for TM modes in 2D crystals.

C. Frequency Resolution and Accuracy of LDOS

We are not aware of any previous report that benchmarks
the accuracy of the calculated LDOS or that specifies the
frequency resolution. Motivated by the requirements for
accurate results for comparison with experiments and for
judging the utility of crystals for nonclassical emission dy-
namics, we consider the accuracy and resolution of ap-
proximations to the LDOS integral in Eq. (1). The main
approximation is to replace the integration over wave vec-
tor k by an appropriately weighted summation over a dis-
crete set of wave vectors on a discretization grid. Either
interpolation schemes [31] or histogramming (“root sam-
pling”) methods are used that are based on weighted sum-
mations over special k-point grids, as introduced by
Monkhorst and Pack [44]. The k-point grid density sets
the number N, of k-points in the Brillouin zone. The ac-
curacy of the resulting LDOS approximation is set by the
density of grid points that is used to discretize the wave
vector integral.

Because of the transparent relation among the accu-
racy of the DOS, the frequency resolution, and the
k-vector sampling resolution, we have focused on the
simple histogramming approach using Monkhorst and
Pack’s special points and weights [44]. For the LDOS com-
putations one chooses a certain frequency bin width Aw to
build an LDOS histogram. For a desired frequency reso-
lution Aw and a desired accuracy for the LDOS content
N(r,w,ey)Aw in each frequency bin, one needs to choose
an appropriate k-vector spacing Ak that depends on the
steepness of the sampled dispersion relation w(k).

Indeed, the useful frequency resolution Aw of a histo-
gram of the DOS and LDOS is limited by the resolution
Ak of the grid in k space to

Aw = AE|V, 0|, (11)

as detailed in [45] for the electronic DOS. This criterion
relates the separation between adjacent k-grid points to
their approximate frequency spacing via the group veloc-
ity. If histogram bins are chosen too narrow compared to
the expected frequency spacing between contributions to
the discretized LDOS integral, unphysical spikes appear
in the approximation, especially in the limit of small o,
where the group velocity |Vyo| is usually largest. Apart
from full gaps in the LDOS, photonic crystals also prom-
ise sharp lines at which the LDOS is enhanced, which are
important for nonclassical emission dynamics. Hence it is
especially important to distinguish sharp spikes that are
due to histogram binning noise from true features. Unfor-
tunately, many reports in literature feature sharp spikes
that are evidently binning noise (wave vector undersam-
pling errors), as they occur in the long wavelength limit,
below any stopgap.

To improve the resolution without adding time-
consuming diagonalizations, several interpolation
schemes have been suggested [45] to improve on discrete
summation over the Monkhorst and Pack special sam-
pling points. Interpolation schemes such as the improved
linear tetrahedron method essentially assume that bands
, x and mode contributions |e;-E, (r)? vary linearly be-
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tween k-points [31]. Based on this assumption, interpola-
tion schemes appear to require fewer k-points for accu-
rate, smooth LDOS approximations without binning
noise. However, they are still subject to a similar intrinsic
relation [46] between required accuracy and chosen wave
vector sampling density in Eq. (11) due to interpolation
errors introduced by the curvature of w, ) at band edges,
and the curvature that is expected in |e;-E, x(r)[*. On the
basis of the underlying similarities between interpolation
methods and special point weighted summations outlined
in [46], we anticipate little computational benefit in
implementing the linear tetrahedron method. This analy-
sis is confirmed by the excellent agreement of our DOS re-
sults with results of Busch and John [31] that use the tet-
rahedron method with identical k-point density.

A good benchmark for the error in the k-space integra-
tion, independent of the convergence of the plane-wave
method, is to calculate the LDOS or DOS of an “empty”
crystal, with uniform dielectric function equal to unity.
Such an empty crystal represents a limit of zero photonic
strength and the maximum possible group velocity |Vyw|.
In Fig. 1 we show the DOS in an empty fcc crystal. As ex-
pected for a crystal with zero dielectric contrast, the cal-
culated DOS is independent of dipole position and orien-
tation. In agreement with the well-known DOS in vacuum
the calculated DOS increases parabolically with fre-
quency. Fluctuations around the parabola are due to bin-
ning noise associated with the finite k-space discretiza-
tion. We have calculated the relative root-mean-square
error in the calculated density of states (DOS) for an fec
empty crystal averaged over all histogram bins in the fre-
quency range 0<wa/2mc <1 for several combinations of
histogram binwidth and k-grid resolution, as specified in
the caption of Fig. 2. As predicted by Eq. (11), the devia-
tion of the approximation from the analytic result is in-
versely proportional to the ratio Aw/Ak.

In most cases, one wants to calculate the LDOS with a
given frequency resolution Aw, ie., N(r,w,ey)Aw, to
within a predetermined accuracy. For instance, calculat-
ing the vacuum DOS for frequencies 0 <wa/2mc <1 with
a desired absolute accuracy better than 0.01(4/a%c) (1% of
the vacuum DOS at wa/2mc=1) and a desired frequency
resolution of Aw=0.01(2mc/a) requires wusing Ak
~Aw/0.3c. The number of k-points corresponding to this
wave-vector sampling equals 2480 k-points in the irreduc-
ible wedge of the fcc Brillouin zone, 59 520 in the required

1.0
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Fig. 1. (Color online) DOS per volume in units 4/a%c for vacuum
modeled as an “empty” fcc crystal. The calculated DOS shown by
histogram bars is compared to the analytically derived w? behav-
ior (curve). In vacuum the DOS per volume equals the dipole-
averaged LDOS.
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Fig. 2. Average absolute deviation of the calculated DOS from
the exact total DOS N(w) for an “empty crystal.” The average
runs over the frequency range 0 < w<2mc/a, and the deviation is
in units of the DOS N(w) per volume at wa/2mc=1, i.e., in units
4/a%c. In accordance with Eq. (11), the error is inversely propor-
tional to the ratio Aw/Ak of the histogram bin width Aw to the
integration grid spacing Ak. Symbols correspond to integration
using N, =280, 770, 1300, 2480, 2992, and 3570 (J, W, O, @, ¢,
4) k-points in the irreducible wedge of the Brillouin zone, with
various Aw.

half Brillouin zone, or equivalently N, =119 040 in the full
Brillouin zone.

Photonic crystals with nonzero index contrast cause a
pronounced frequency structure of the LDOS. Due to the
flattening of bands compared to the dispersion bands of
empty crystals, the k-space integration itself is at least as
accurate, assuming that the eigenfrequencies and the
field-mode patterns are known with infinite accuracy. In
practice, one needs to adjust the number of plane waves
to obtain all eigenfrequencies to within the desired fre-
quency resolution Aw. In our computations for fec crys-
tals, we represented the k-space of half of the first
Brillouin zone by an equidistant grid consisting of N,/2
=145 708 k-points. The frequency resolution of our LDOS
histograms is Aw=0.01 (27¢/a) and the spatial resolution
of the LDOS is approximately a/40 judging from the
maximum |G-G’|~120/a involved in the expansion with
Ng="725 plane waves in Eq. (4).

D. Computation Time Required for LDOS

Calculating the LDOS in 3D periodic structures is a time-
consuming task. The chosen degree of k-space discretiza-
tion (IN,/2=145708 k-points) and the number of plane
waves (N;=725) are the result of a tradeoff between the
desired accuracy and tolerated duration of the calcula-
tions. Essentially the computation consists of solving for
the lowest n eigenvalues and eigenvectors of a real sym-
metric 2N g X 2N matrix for each of the N, k-points inde-
pendently. To accomplish this calculation, we use the
standard Matlab “eigs” implementation [47] of an implic-
itly restarted Arnoldi method (ARPACK) that takes ap-
proximately 2.2 seconds to find the lowest 20 eigenvalues
and eigenvectors of a single Hermitian 1500 X 1500 (i.e.,
Ng=1750 plane waves) matrix on a 3 GHz Intel Pentium 4
processor, or on a 2.4 GHz Intel Core Duo processor. For
145 708 k-points the resulting computation time is hence
on the order of 90 h (4 days).

Since the Matlab ARPACK routine is already highly op-
timized, we do not expect that the computation time per
k-point can be significantly reduced for LDOS calcula-
tions based on the standard H-field inverted-matrix
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plane-wave method. In terms of the number of plane
waves N, the computation time scales as N‘Z’;. As in [48],
the algorithm can be accelerated by realizing that the it-
erative eigensolver does not require the full matrix H
multiplying the vector u in Eq. (7), but rather a function
that quickly computes the image Hu of any trial vector u.
Since calculating Hu repeatedly involves a slow matrix-
vector multiplication with 7g_g, the algorithm is acceler-
ated only for Nz>1000.

3. COMPARISON WITH PREVIOUS
RESULTS

To test the computations, we compare our results with
earlier reports. We have calculated the DOS and LDOS in
an fcc crystal consisting of dielectric spheres with €
=7.35 (TiOy) in a medium with €=1.77 (water)—the
same structure as was analyzed in [31,33]. The spheres
occupy 25 vol% of the crystal. Figure 3 shows the total
DOS in this photonic crystal calculated by us and by
Busch and John [31]. We reproduce the earlier calcula-
tions of the total DOS: both results shown in Fig. 3 are in
excellent agreement, with deviations less than 2%
throughout the frequency range 0 < wa/2mc<1.

In Fig. 4 (Media 1) we demonstrate the LDOS in the
same photonic crystal at a specific location: a point equi-
distant from two nearest-neighbor spheres. In this calcu-
lation, we used the same number of reciprocal-lattice vec-
tors Ng=965 as in the only available benchmark paper,
by Wang et al. [33], that does not contain symmetry er-
rors. We find that our calculations (histogram bars) are in
good agreement up to a/\=0.85 with the LDOS reported
previously (solid curve): the deviations are less than 1%.
Deviations at higher frequencies are due either to a dif-
ference in accuracy of k-space integration (frequency bin-
ning resolution and k-space sampling density) or to a
difference in accuracy of the plane-wave methods (eigen-
modes and eigenfrequencies). Unfortunately, neither the
accuracy nor the frequency resolution is specified in [33].
The k-space sampling density in our work is approxi-
mately twice the density specified in [33]. Based on the
excellent agreement of our total DOS calculations with
those of Busch and John [31], and on the fact that Wang et
al. used a k-space density and plane-wave number com-
parable with that of Busch and John, it is unlikely that

1.0
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S 3
Q 17
D <
GN-) 0.5- Q
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= £
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(@] (S
= 2,
0.0+

Fig. 3. (Color online) DOS per volume in an fee crystal consist-
ing of spheres with €=7.35 in a medium with €=1.77 and with a
filling fraction of the spheres of 25 vol%. The solid dotted curve
represents calculations from [31]. Our result is plotted as a
histogram.
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Fig. 4. (Color online) Dipole-averaged LDOS in the same photo-
nic crystal as in Fig. 3 at a position r=(1/4,1/4,0). Histogram:
our calculations (Media 1). Solid curve: results from [33]. This
relative LDOS is the ratio of the LDOS to that in vacuum at
a/\N=0.495.

inaccuracy of the k-space integration in either calculation
is the source of discrepancy. We therefore surmise that de-
viations are due to a difference in the method of evalua-
tion of E, (r). Conversion of D to E by multiplication
with 1/&(r) in real space as proposed in [33] can cause in-
correct mode amplitudes due to Gibbs oscillations, as op-
posed to the Fourier space conversion using Eq. (8). In
general our calculations confirm the result by Wang et al.
[33] that the LDOS is correctly calculated only by integra-
tion over half the Brillouin zone, rather than over the ir-
reducible part as was incorrectly used in earlier reports.
Errors incurred by neglecting the lowered symmetry are
large, as contributions from the 48 different irreducible
wedges in the Brillouin zone differ up to tenfold.

4. LDOS IN TiO, INVERSE OPALS

In recent time-resolved experiments, enhanced and inhib-
ited emission rates were demonstrated for quantum dots
embedded inside TiO4 inverse opals [19,21,35]. Due to the
large refractive index of TiOy, these crystals are strongly
photonic as gauged by the fact that modes are forbidden
for over 27 sr in k-space for frequencies near first-order
Bragg diffraction [49]. In the framework of these experi-
ments, it is highly relevant to calculate the LDOS inside
such inverse-opal photonic crystals, especially for the
source positions occupied in experiments.

We model the position dependence of the dielectric
function e(r) as shown in Fig. 5. This model assumes an
infinite fcc lattice of air spheres with radius r=0.25 \Ea (a
is the cubic lattice parameter). The spheres are covered
by overlapping dielectric shells (e=6.5) with outer radius
1.09r. Neighboring air spheres are connected by cylindri-
cal windows of radius 0.4r. The resulting volume fraction
of TiOy is equal to about ¢=11.5%. The structural param-
eters are inferred from detailed characterization of the in-
verse opals using electron microscopy and small-angle
X-ray scattering [14,15]. Moreover, the stopgaps in the
photonic band structure [Fig. 6 (Media 2 and Media 3)]
calculated using this model agree well with reflectivity
measurements in the ranges of both the first-order (a/\
=0.7) and second-order Bragg diffraction (a/\=1.2) [50].

Henceforth, we will consider the relative LDOS, which
is the ratio of the LDOS in a photonic crystal to that in a
homogeneous medium with the same volume-averaged di-
electric function (nav=\s’:av= 1.277 for the TiOg4 crystals).
This scaling is motivated by experimental practice, in

Nikolaev et al.

Fig. 5. Rendering of the dielectric function in one fecc unit cell
that models the TiO, inverse-opal structure in Section 4: an fec
lattice of air spheres of radius r=0.25\e“§a with a being the cubic
lattice parameter. The spheres are covered by shells with €=6.5
and outer radius 1.09r. Neighboring air spheres are connected by
windows of radius 0.4r. The letters a—d indicate four different
positions at the TiOg—air interface: a=(1,0,0)/(2 \2), b
=(1,1,2)/(4\3), ¢=(1,1,1)/(2\6), d=(0.33,0.13,0) (points
shown are symmetry-equivalents). The dashed—dotted line shows
the body diagonal of the cubic unit cell.

which emission rate modifications are judged by normal-
izing measured rates to the emission rate of the same
emitter in crystals with a much smaller lattice constant a
[19,21,35]. In these reference systems, emission frequen-
cies correspond to the effective medium limit a/A<0.5
quantified by an average index. In units of 4/aZc, the
LDOS in a homogeneous medium is equal to n,,(a/\)%/3,
which is used as normalization for Figs. 7, 8, and 9.

As an alternative to the geometrically defined average
index motivated by experimental practice, one can also
extract an effective refractive index from the long-
wavelength dispersion relation of the first bands, which
yields a value n.4=1.216. Using this effective refractive
index would scale the curves in Figs. 7-9 by a factor 1.05.

1.5 %
1.0 / \: Z .
< L Q
I >
0.5-
0.0 L loo
XU L I XWKOo 1 2 3

Wavevector DOS/vol. [4/a’c]

Fig. 6. Left side: Photonic band structure (Media 2) for the TiO,
inverse opal shown in Fig. 5. The gray rectangles indicate stop-
gaps in the I'L direction and one stopgap in the I'X direction for
the inverse opal. Right side: The stopgaps result in the decreased
DOS as shown by open circles (Media 3) at corresponding fre-
quencies compared to the DOS in a homogeneous medium with
n,,=1.27 as shown by the solid curve.
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r=(0,0,0) at 1/4(1,1,0), dipoles along:
—-—1/4(11,1) (a) —[1,1,0] (b)
o (1/2,0,0)4 |—-—[-1,1,0]
W

Rel. LDOS

Y3 0% 09 12 1503 06 09 12 15

alr a/x
Fig. 7. (Color online) Relative LDOS in the inverse opal shown
in Fig. 5 at three different positions: (a) (Media 4) r=(0,0,0) [the
center of an air sphere, solid curve], r=1/4(1,1,1) [among three
air spheres, dashed-dotted curve], r=(1/2,0,0) [midway be-
tween two spheres along [1,0,0] direction, dotted curve]. (b)
(Media 5) Relative LDOS at r=1/4(1,1,0) [in the window be-
tween two spheres] projected on e;=[1,1,0], [-1,1,0], [0,0,1] di-
rections shown by solid, dashed-dotted, dotted curves,
respectively.

In Fig. 7(a) (Media 4) we plot the resulting LDOS at three
positions in the unit cell: at ¥r=(0,0,0), 1/4(1,1,1), and
(1/2,0,0). As in the remainder of this paper, these real-
space coordinates are expressed in units of the lattice
spacing a relative to Cartesian basis vectors along the cu-
bic unit cell axes (Fig. 5). Dipole directions e; will be
quoted in square brackets [.,.,.] relative to the same Car-
tesian basis, and are always assumed to be of unit length
(even if not explicitly normalized). Because of the high
symmetry of the points chosen for Fig. 7, the LDOS does
not depend on the dipole orientation, as we verified explic-
itly.

A first main observation from Fig. 7(a) (Media 4) is that
the LDOS differs considerably between these three posi-
tions at all reduced frequencies. This observation illus-
trates the well-known strong dependence of the LDOS on
position within the wunit cell of photonic crystals
[10,27,31].

A second main observation in Fig. 7(a) (Media 4) is that
the LDOS strongly varies with reduced frequency, reveal-
ing troughs and peaks caused by the pseudogap near
a/N=0.7, which is related to first-order stopgaps such as
the L-gap. The effects of second-order stopgaps appear be-
yond a/\>1.15 [50]. In the middle of the air region at po-
sition r=(0,0,0) there is a sharp, factor-of-three enhance-
ment at a/\=1.35 within a narrow frequency range. This
feature could be probed by resonant atoms infiltrated in
the crystals [51]. At position r=(1/2,0,0) in an intersti-
tial, the mode density has a broad trough near a/\=1.25
that will lead to strongly inhibited emission.

A third main observation is that at spatial positions
with low symmetry, the LDOS clearly depends on the ori-
entation of the transition dipole moment. Figure 7(b) (Me-
dia 5) shows the frequency-dependent LDOS for three
perpendicular dipole orientations at a position in the cen-
ter of a window that connects two neighboring air spheres
(see Fig. 5). The LDOS differs for all three orientations,
and is thus anisotropic. At low frequency (a/\=0.3), the
emission rate is highest for a dipole pointing in the ey
=[-1,1,0] direction; with increasing frequency the high-
est rate shifts to e;=[0,0,1] and then to the e;=[1,1,0]
orientation.

We emphasize that for emitters with fixed or slowly
varying dipole orientations, such as dye molecules or
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Fig. 8. (Color online) Relative LDOS at four key frequencies
a/\=0.535, 0.725, 0.865, 1.295 in the inverse opal as a function of
position r on the line from r=(0,0,0) to r=1/2(1,1,1). The
hatched boxes indicate the position of the dielectric TiO, shell.
The LDOS is projected on two dipole orientations: (a) ey
=[1,1,1] perpendicular to the dielectric-air interface, (b) ey
=[-1,1,0] parallel to the interface. The LDOS projected on the
e ;=[-1,-1,2] and e ;=[-1,1,0] directions are equal. For r/a be-
tween \3‘5/ 2 and \E the LDOS is mirror-symmetric to that in the
region from 0 to 3/2.
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Fig. 9. (Color online) Relative LDOS in the inverse opal at four
different positions on the TiOy—air interface shown in Fig. 5. At
each position the LDOS is projected on three mutually orthogo-
nal dipole orientations e;. (a) (Media 6) Point a for e;=[1,0,0]
and [0,1,0]; the LDOS for e;=[0,0,1] is identical to that at
e;=[0,1,0]. (b) (Media 7) Relative LDOS at point b for e,
=[1,1,2], [-1,1,0], [-1,-1,1]. (¢) (Media 8) Point ¢ for e,
=[1,1,1] and [-1,1,0]; LDOS at e;=[-1,-1,2] is equal to that at
e;=[-1,1,0]. (d) (Media 9) Relative LDOS at point d for
e;=[0.33,0.13,0], [-0.13,0,0.33], [0,0,1].
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quantum dots on solid interfaces, the emission rate is de-
termined by the optical modes that are projected on the
dipole orientation. Therefore, knowledge of the projected
LDOS is important for controlling spontaneous emission
rates as well as for interpreting the data from experi-
ments on emitters in photonic metamaterials.

A fourth main observation from Figs. 7(a) and 7(b) (Me-
dia 4 and 5) is that at low frequencies of a/\<0.5, the
relative LDOS hardly varies with frequency, which means
that the mode density is proportional to w?, as in homo-
geneous media. Interestingly, there is a clear dependence
of the LDOS on both the position and the dipole orienta-
tion even at these low frequencies, i.e., long wavelengths
relative to the crystal periodicity. The reason for these ef-
fects is that the photonic Bloch modes exhibit local varia-
tions of the electric field related to local variations of the
dielectric function in order to satisfy the continuity equa-
tions at dielectric boundaries for the parallel E or perpen-
dicular D field, respectively [34,52]. Consequently, the
LDOS strongly varies on length scales much less than the
wavelength, i.e., even in the electrostatic or effective me-
dium limit. While such behavior may appear surprising,
its origin in electrostatic depolarization effects has been
discussed before [52,53].

To gain more insight into the spatial dependence of the
LDOS in the inverse opals, we have performed calcula-
tions for dipoles positioned along a characteristic axis in
the unit cell. Figure 8 shows the LDOS at four key fre-
quencies for dipoles placed on the body diagonal of the cu-
bic unit cell, that is, on the line from r=(0,0,0) to r
=1/2(1,1,1) in the [1, 1, 1] direction. The LDOS has clear
maxima and minima along the diagonal, varying by more
than ten times. Figure 8(a) shows that for a dipole ori-
ented in the e;=[1,1,1] direction (perpendicular to the
dielectric—air interface), the LDOS is strongly (>5 X ) sup-
pressed near the dielectric TiO4 shell (r/a=0.353) at all
frequencies. In contrast, no strong suppression or en-
hancement occurs for dipole orientations parallel to the
dielectric interface; see Fig. 8(b).

The strongly differing LDOS for dipoles near the dielec-
tric rationalize the broad distributions of emission rates
that were recently observed for quantum dots in inverse
opals [35]; see below. Enhancements and inhibitions also
occur in the air regions: the LDOS is enhanced at r/a
~0.28 and 0.57 by up to 2.5 to 3 times, respectively; see
Fig. 8(a). At point r/a=1/y3~0.57 that lies in the air re-
gion in the lattice plane defined by Miller indices (111),
the LDOS is inhibited at all frequencies for the dipole ori-
entations e;=[-1,1,0] and [-1,-1,2] that are perpen-
dicular to the (111) plane [see Fig. 8(b)]. Finally, for di-
poles parallel to the body diagonal [Fig. 8(a)] the mode
density shows pseudo-oscillatory behavior on length
scales much less than the wavelength, e.g., a period of
0.2a at frequency 0.535a/\ (period corresponds to 1/10 of
a wavelength). This observation confirms that photonic
crystals are bona fide metamaterials where optical prop-
erties strongly vary on length scales much less than the
wavelength.

In recent time-resolved experiments [21,35], emission
from quantum dot light sources distributed at the inter-
nal TiOy—air interfaces of the inverse opals was investi-
gated. To analyze the experimental data, we have calcu-
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lated the LDOS at several symmetry-inequivalent
positions on the TiO4 shells: at points a, b, ¢, and d (see
Fig. 5) for three mutually orthogonal orientations of the
emitting dipole, where the first orientation is chosen
along the vector pointing from r=(0,0,0) toward the cor-
responding point. Figures 9(a)-9(d) (Media 6 7 8 9) show
that at all these positions the LDOS strongly varies with
reduced frequency and position, as expected, and also
with orientation of the dipole. In broad terms, for a dipole
parallel to the interface the LDOS is near 1 at low fre-
quency and increases to a peak enhancement of 2.5 times
at a/N=1.22 before strongly varying at high frequencies.
For reference, the frequency a/A=1.22 is in the range
where a bandgap is expected for more strongly interacting
crystals. The plots also reveal that for dipoles perpendicu-
lar to the TiOg—air interface, the LDOS is strongly inhib-
ited (more than ten times) over broad frequency ranges.
For instance, Fig. 9(a) shows that the emission rate for a
dipole perpendicular to the interface is 16-fold inhibited
to a level of 0.06, with a maximum of 0.22 (fivefold inhi-
bition) at a/A=1.22. It is striking that the strong inhibi-
tion occurs over a broad frequency range from 0.3 to 1.6,
i.e., more than two octaves in frequency. While the inhi-
bition is not complete, the bandwidth is much larger than
the maximum bandwidth of 12% for a full 3D bandgap in
inverse opals [54] and far exceeds the bandwidth of the
2D gap for TE modes in membrane photonic crystals,
which allows a sevenfold inhibition [26,30] over a 30%
bandwidth.

In the frequency range up to a/\=1.1, the dependence
of the LDOS on frequency is quite similar at all the posi-
tions and dipole orientations. This remarkable result
agrees with the experimental observation from [35]: the
complex decay curves of light sources in the inverse opals
are described by one and the same functional shape (log-
normal) of the decay rate distribution for all reduced fre-
quencies studied. For the interpretation of the time-
resolved experiments on ensembles of emitters in the
inverse-opal photonic crystals, the results presented
above mean that

1. the decay rate of an individual emitter is deter-
mined by its frequency and position, and also by the ori-
entation of its transition dipole in the photonic crystal;

2. the measured spontaneous-emission decay depends
on how the emitters are distributed in the crystal;

3. even in the low-frequency regime, ensemble mea-
surements will reveal nonexponentional decay curves;

4. the similar shape of the reduced-frequency depen-
dence of the LDOS allows modeling of the nonexponen-
tional decay curves with a single type of decay-rate distri-
bution; in other words, one distribution function can be
successfully used to model the multiexponentional decay
curves measured from crystals with different lattice
parameters.

5. LDOS IN SILICON INVERSE OPALS

A complete inhibition of spontaneous emission may be
achieved only in photonic crystals with a 3D photonic
bandgap. Therefore, there has been much effort to fabri-
cate inverse opals from silicon rather than titania, since
the higher index of silicon allows for a photonic bandgap
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[31,39]. For the calculation of the LDOS in such Si inverse
opals, the dielectric function &(r) was modeled similarly to
that in the inverse opals shown in Fig. 5. From SEM ob-
servations we inferred the following structural param-
eters [17,18]: the outer radius of the overlapping dielec-
tric shells with e=11.9 is about 1.15r (where r=0.25v’§a is
the air-sphere radius, and «a is the lattice parameter). The
cylindrical windows connecting neighboring air spheres
have a radius of 0.2r. The larger outer radius and the
smaller window size compared with the TiOy inverse
opals are commensurate with a higher volume fraction of
about 22% Si [18].

The band structure and total DOS for this system are
shown in Fig. 10 (Media 10 and Media 11). The DOS is
strongly depleted in a pseudogap between the second and
third bands [38] at frequencies near a/\=0.55. Near fre-
quency a/A=0.85, both the band structures and the DOS
reveal a 3D photonic bandgap of relative width Aw/w
=~ 3% between the eighth and ninth bands [31]. Compared
with the TiOy structure, both the lowest-order L-gap and
the eighth and ninth bands are shifted to lower reduced
frequencies. This shift is the result of the higher effective
refractive index of the Si inverse opals, on account of a
higher index of the backbone and a higher filling fraction.

Figure 11(a) (Media 12) presents the relative LDOS at
three high-symmetry positions in the unit cell r=(0,0,0),
1/4(1,1,1) and (1/2,0,0). The LDOS is normaliz&l to the
LDOS for a homogeneous medium with 7n,,=1e€,,=1.88.
Alternatively, the long-wavelength dispersion of the crys-
tal sets 7.4=1.65, which when used as normalization
would scale the curves in Fig. 11 by a factor of 1.14. The
LDOS varies much more strongly with frequency than in
TiO, inverse opals as a result of the larger dielectric con-
trast that leads to strongly modified dispersion relations
and Bloch mode profiles. While the maxima up to 3.2 are
not much higher than in TiO, inverse opals, the minima
in the mode density are reduced and the slopes are
steeper. As expected, the LDOS is completely inhibited at

all positions in the frequency range of the bandgap. Pre-
viously, it has been suggested that the LDOS could be in-
hibited at salient positions in the unit cell for frequencies
outside a complete gap. While Fig. 11(a) (Media 12) re-
veals that the mode density is strongly reduced above the
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Fig. 10. Left side: Photonic band structure (Media 10) for an in-
verse opal from silicon (e=11.9). Right side: The total DOS in the
Si inverse opal (Media 11). The DOS is strongly depleted for fre-
quencies near 'L, and I'X stopgaps (gray rectangles). A photonic
bandgap (gray bar) occurs between bands 8 and 9, as also re-
flected in the vanishing DOS.
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Fig. 11. (Color online) Relative LDOS in a Si inverse opal at (a)
(Media 12) r=(0,0,0) [the center of an air sphere, solid curve],
r=1/4(1,1,1) [among three air spheres, dashed—dotted curve],
r=(1/2,0,0) [midway between two spheres along [1,0,0] direc-
tion, dotted curve]; (b) (Media 13) Relative LDOS at r
=1/4(1,1,0) [in the window between two air spheres] projected
on e;=[1,1,0], [-1,1,0], and e;=[0,0,1] directions shown by
solid, dashed—dotted, dotted curves, respectively.

bandgap, e.g., at r=(1/2,0,0), it is not truly inhibited. In
fact, in the course of our study, we have not encountered
any “sweet spots” where the LDOS is completely inhibited
at frequencies outside a 3D photonic bandgap.

Figure 11(b) (Media 13) shows the LDOS at a lower
symmetry position r=1/4(1,1,0) in the window between
two nearest-neighbor air spheres. The mode density has
been calculated for three perpendicular dipole orienta-
tions. Figure 11(b) (Media 13) shows that the LDOS is
highly anisotropic since it differs for all three orienta-
tions: at low frequencies (a/\<0.5), the mode density is
highest for the e;=[-1,1,0] orientation, intermediate for
the [0,0,1] orientation, and lowest for the e;=[1,1,0] ori-
entation. With increasing frequency, the highest LDOS
also changes to other orientations, with the e;=[0,0,1]
orientation having the highest LDOS above the
pseudogap and even a narrow peak at frequency 0.95.
Therefore, if it is possible to orient a quantum emitter
with its dipole parallel to e;=[0,0,1], this frequency
range is conducive to strong emission enhancement and
perhaps even quantum electrodynamic effects beyond
weak coupling. Interestingly, these frequencies are
slightly higher than the upper edge of the bandgap, where
strong coupling effects have recently been discussed [12].

6. CONCLUSIONS

We have performed intensive calculations of the local den-
sity of states in TiO4 and Si inverse opals with experimen-
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tally relevant structural parameters. Since conflicting
and incorrect reports have previously appeared on the
LDOS in photonic crystals, we set out to validate our
method of choice, i.e., the H-field plane-wave expansion
method. This validation relied on comparison with litera-
ture results, on the explicit verification of required sym-
metries that previous reports failed to satisfy, and on
quantitative considerations of resolution and accuracy.
Results for each structure are made available for other
workers in the field, both as benchmarks and for compari-
son with experimental data. With the help of these com-
putations we have obtained quantitative insight into the
LDOS relevant for time-resolved ensemble fluorescence
measurements on photonic crystals, such as have been ob-
tained in recent experimental work [35]. The results of
our numerical calculations reveal a surprisingly strong
dependence of the LDOS on the orientation of the emit-
ting dipoles.
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