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Fractional decay of quantum dots in real
photonic crystals
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We show that fractional decay may be observable in experiments using quantum dots and photonic crystals
with parameters that are currently achievable. We focus on the case of inverse opal photonic crystals and
locate the position in the crystal where the effect is most pronounced. Furthermore, we quantify the influ-
ence of absorptive loss and show that it is a limiting but not prohibitive effect. © 2008 Optical Society of
America
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Spontaneous emission is a resonant process in which
an emitter interacts with modes of the electromag-
netic field spectrally close to the electronic transition
frequency. Moving the emitter to another medium or
location at which the field strength of the electromag-
netic vacuum modes differ will lead to changes in the
spontaneous emission. In most cases the light–
matter coupling is weak, and the emitter decays ex-
ponentially in time with different decay rates at dif-
ferent locations. This is the weak-coupling Purcell
regime.

In certain cases the coherent coupling of the emit-
ter to a highly structured electromagnetic vacuum
leads to nonexponential decays. In particular, a re-
gime of so-called fractional decay has been pointed
out [1,2]. In this regime, the emitter coherently inter-
acts with modes of low group velocity in such a way
that it never fully decays but rather remains in a su-
perposition of the excited state and the ground state.
This may happen in media with rapid variations in
the spectral and spatial distribution of electromag-
netic modes, as described by the local optical density
of states (LDOS) [3]. Photonic crystals offer the abil-
ity to manipulate the LDOS and change it as com-
pared to the case of a homogeneous medium. The
Purcell effect has been shown experimentally for a
variety of emitters, e.g, quantum dots (QDs) in in-
verse opal photonic crystals [4], but there has been to
date no demonstration of fractional decay, to the best
of our knowledge.

In this Letter we intoduce a practical measure of
the degree of fractional decay and use it to investi-
gate decay dynamics of QDs near the band edge of a
photonic crystal. For calculations of decay dynamics
we follow the approach of Vats et al. [5]. Contrary to
the general treatment in [5], we focus in this Letter
on the possible realization of fractional decay using
specific and realistic structures. In particular the in-
vestigations are based on the actual LDOS of a three-
dimensional photonic crystal obtained from plane-
wave calculations and extended to include effects of
absorptive losses, see Fig. 1. Absorption is shown to
be a limiting factor, and we present quantitative re-

sults showing the degreee of fractional decay achiev-
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able for available QDs and practically relevant mate-
rial loss.

The QD is modeled as an initially excited two-level
system with transition frequency �eg, and we write
the general state of the coupled electron–photon sys-
tem as ���=ce�t��e ,0�+��cg,��t��g ,��, where �e ,0� de-
notes the electron in the excited state and no photons
and �g ,�� denotes the electron in the ground state
and one photon in mode �. The time evolution is gov-
erned by the Schrödinger equation, i���̇�=Ĥ���, with
the Hamiltonian Ĥ in the dipole and rotating-wave
approximation. Using a Laplace transform [5] the
equations of motion are solved in the frequency do-
main to yield

c̃e�r,�̃� =
1

�G�r,�̃� − i��̃ − 1�
=

a−1

�̃ − �̃0
+ c̃���̃�, �1�

where r is the QD position and �̃=� /�eg is the scaled
frequency. We have split the spectrum into a pole

Fig. 1. (Color online) Projected LDOS of a closed packed Si
inverse opal close to the band edge at the H and � points as
indicated. Solid curves are analytical approximations to the
plane-wave calculations (histograms), and the dashed
curve shows the influence of loss. Inset shows the unit cell

of an inverse opal and high symmetry points.
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term with residual a−1, pole position �̃0, and a rest
term. The dimensionless parameter �=�0 / �2��eg� is
the vacuum decay rate �0, scaled by the transition
frequency, and is given as �=q2p2 / �6�m2�2�0c3�,
where q, p, �, m, �0, and c denote the electron charge,
the momentum matrix element, the reduced Planck
constant, the electron mass, the free-space permittiv-
ity, and the vacuum speed of light, respectively. Ex-
perimental values range from ��10−8 for InAs QDs
[6] to ��6	10−8 for PbSe QDs [7], with so-called in-
terface defect QDs possibly reaching values of �
�10−6 [8]. The function G�r , �̃� is given for frequen-
cies above the integration path in the complex plane
as

G�r,�̃� = i�̃�
0

�̃C 
̃p�r,x�

x2��̃ − x�
dx, �2�

in which 
̃p�r , �̃�=
p�r ,�� /
0��eg� is the ratio of the
LDOS to the vacuum LDOS at the emitter frequency.
The decay is a resonant process and is governed by
the LDOS in a narrow frequency interval around �̃
=1. The remaining LDOS, however, does contribute
an overall Lamb shift of the spectrum. To model this
effect we include an integration using 
p=
0 for �̃
�0.95 and 1.01��̃. A cutoff is chosen at �̃C=105, cor-
responding to the Compton frequency [5]. For 0.95
��̃�1.01 the integral is carried out using the accu-
rate LDOS 
p=
BE, as calculated below.

The projected LDOS is defined as


p�r,�� = �
�

�ep · E��r��2��� − ���, �3�

where the sum is over all modes of the electromag-
netic field indexed by �, and ep is the orientation of
the emitter. The functions E��r�= �r �E�� denote the
spatial and spectral distribution of the modes and are
normalized as �E
��R�r��E��V=�
,�, where �R is the
relative permittivity and V is the normalization vol-
ume. In vacuum the LDOS, Eq. (3), is given as

0���=�2 / �3�2c3�.

Figure 1 shows a zoom-in on the LDOS, 
̃p��̃�, of an
Si inverse opal ��R=11.76� close to the upper edge of
the bandgap. The LDOS was calculated using a
method similar to that of [9], corrected for the re-
duced symmetry of the electric field [10]. The plane-
wave approach results in a discrete sampling of the
LDOS, which effectively leads to incorrect results
when used directly in calculations of fractional decay.
Therefore we analyze analytically the LDOS in the
vicinity of the upper band edge, which is defined by
only the ninth band at the so-called X point [9]. Con-
sidering the contribution from just a single band, we
follow [11] and rewrite the sum, Eq. (3), as


p�r,�� = �
i

V

�2��3�
S���

�ep · Ek,i�r��2

����k��
dk, �4�

in which the sum is over two different polarizations
and the integration is over the dispersion surface of
constant frequency � corresponding only to the ninth

band. We now expand the integrand in Eq. (4) in pow-
ers of k and carry out the integration. To the lowest
order, the LDOS is given as 
BE���=KBE�r�	�−�BE,
where �BE is the band-edge frequency and the band-
edge parameter KBE�r� is related to the curvature of
the dispersion surfaces and the projected electric
field at the point r. The solid curves in Fig. 1 illus-
trate how the square root is indeed the limiting form
of the LDOS close to the band edge. Figure 2 shows
values of KBE along lines between symmetry points of
the Wigner–Seitz cell of an Si inverse opal (hole ra-
dius per lattice constant, R /a=0.3436). The analyti-
cal approach allows for the use of only five k points in
each direction for the determination of the curvature
and 1243 plane waves to ensure convergence [12]. In-
troducing loss in the material, �R→�R+ i�I, leads to a
shift in frequency. For small losses we use first-order
perturbation theory [13] to write �=��0�− i�, where
��0� is the frequency in the absence of losses and

� =
��0�

2

�E��i�I�E��C

�E��i�R�E��V
=

��0��I

2�R
f,

where subsript C denotes the volume of only the lossy
material, leading to f= �E���R�E��C / �E���R�E��V�1.
For nonzero � we rewrite the band-edge LDOS as [11]


BE�r,�� = KBE�r��
�BE

�

	x − �BE

� /�

�� − x�2 + �2dx,

which shows that the effect of absorption is to
broaden the modes as well as to introduce states be-
low the upper edge of the bandgap (dashed curve in
Fig. 1).

We note that the inclusion of loss in the material
compromises the expansion of the LDOS in normal
modes, Eq. (3). In this case the problem can be refor-
mulated in terms of the electromagnetic Green’s
function. However, in the limit of small loss, �I��R,
as in this work, the two formulations coincide [14],
and therefore the perturbative approach is valid.

Using the above expression for 
BE�r ,��, the spec-
trum, c̃e�r , �̃� is calculated from Eqs. (1) and (2). The

Fig. 2. (Color online) The parameter KBE (in units of

0��eg� /�eg

1/2) as a function of position in the Wigner–Seitz
cell (shown in the inset) for the three principal emitter ori-
entations. The gray dashed-dotted line shows values of KBE

at the H point for different R /a.
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temporal evolution is subsequently obtained by
transformation back to the time domain. Under this
transformation, the pole term in Eq. (1) is conve-
niently handled analytically, resulting in a decreas-
ing exponential part. The absolute square of the re-
sidual denotes the strength of the pole term and is
equal to the value of the exponential part at t=0. The
case of �a−1�2=1 results in c����=0, and the spectrum
consists of only a single pole term. This is character-
istic of the weak coupling Purcell regime, and the
decay is exponential with a decay rate �
=�0
p��eg� /
0��eg�. On the other hand, �a−1�2�1 re-
sults in a nonzero rest term and consequently a de-
viation from the Purcell regime, and we define df
=1− �a−1�2 as a measure of the degree of fractional de-
cay. This measure depends critically on the light–
matter coupling strength �KBE, relative to the ab-
sorption. The former depends on the QD as well as
position in the photonic crystal, cf. Fig. 2.

For a specific example we consider now colloidal
PbSe QDs, emitting at �PbSe�1.3	1015 s−1 (��5.5
	10−8 [7]) and placed at the H point in a closed
packed Si inverse opal �KBE�10�. Figure 3 shows the
resulting decay curves for different absorption. For
vanishing losses, the population tends to a nonzero
value at long times with df=0.16. At small finite
losses a fractional effect is still visible with df=0.13
at an absorption of 
=3	10−5 cm−1 �� /�PbSe=10−10�
and df=0.04 at 
=3	10−4 cm−1 �� /�PbSe=10−9�. We
note that absorption in Si at this frequency may be as
low as 
�10−7 cm−1 �� /�PbSe�10−13� [15]. Figure 3
therefore shows that fractional decay is observable
for real QDs in dielectric photonic crystals exhibiting
absorptive losses.

For a given system, the detuning of the emitter
relative to the band edge defines the exact modes,
and hence group velocity, of the emitted light. There-
fore, the measure df depends also on the detuning,
and we define the parameter Df as the maximum
value of df for optimized detuning. In Fig. 4 we show
Df as a function of �KBE. The curves were obtained
for each �KBE by varying the detuning until a mini-
mum was found. The figure shows that a profound
degree of fractional decay is possible for a range of
experimentally relevant material parameters.

Fig. 3. (Color online) Decay from PbSe QDs at the H point
in an Si inverse opal ��KBE=5.5	10−7� at detuning
�BE /�PbSe=1−8.309	10−7 and different losses. Dashed

curves show exponential parts only.
In conclusion we have used an analytic expression
to the band-edge LDOS to investigate fractional de-
cay dynamics in inverse opals. The analysis has re-
vealed the position in the crystal that is most suit-
able for observation of fractional decay. Furthermore,
we have extended the analysis to include absorptive
losses and calculated the degree of fractional decay
obtainable for given losses and light–matter coupling
strengths. The analysis shows that absoption has a
limiting but not prohibitive effect and that fractional
decay may be possible to achieve using, e.g., PbSe
QDs in Si inverse opals.

Enlightening discussions with Willem Vos and
Niels Asger Mortensen are greatly appreciated.
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